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Introduction
[ D I

The Hilbert-Huang transform (HHT)

e It is novel, adaptive approach to time series analysis
proposed by Huang+ (1996)

e It consists of
» an empirical mode decomposition (EMD)
> the Hilbert spectral analysis (HSA)

e It can be applied to non-linear and non-stationary
time series data

e It has been applied to various fields;
biomedical engineering, financial engineering,
image processing, seismic studies, ocean engineering

o [ will review the method of the HHT and its application
to search in GWs.
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Time-Frequency Analysis of GWs

e GWs we will detect are mostly non-stationary.

e Analysis of time-varying powers (or amplitudes)
and frequencies in the time domain is important.

e Traditionally for time-frequency analysis of GWs

> the short-time Fourier transform (STFT)
or

> the wavelet analysis

e The resolutions in time and frequency:
restricted by "the uncertainty principle".

e They require predetermined "window functions".



Demodulation
. . I

[ will discuss methods of high-resolution time-freq. analysis.
A simple method of time-freq. analysis is demodulation.
o Divide a signal h(t) into modulator and carrier:

h(t)=a(t)c(t)=a(t)cosO(t)

> modulator a(i) . a lower frequency signal
> carrier c(t) or cos 0 (t) : a higher frequency signal.

e a(f): the time-varying amplitude
or the instantaneous amplitude (IA)
e O (): the phase

1 det)
2 dt

o the instantaneous frequency (IF) f(t)=



Complex Signals
I ~——

e The decomposition h(t) = a(t)c(t) is not unique.
== The problem will be better with a complex signal.

e Assume
h(t) = the real part of a certain complex function F{(t)

h(t)= Re(F(t)) or F(t)=h®t)+1iv(t)=a(t)e®"

o a(t)=+/h(t) +v(t)

DO, e ohasee
O(t) = tan" (h(t)j . the phase; f =

1 do(t)

. IF
2 dt

e This is valid
only if the time scale of varying a(t) is less than 1/f.



Hilbert Spectral Analysis (HSA)

e How to find the complex signal F(t)
or the imaginary part v(t) from h(t).

e Hilbert Transform

v(t)=Fh()= —PJ h(t) dt' h(t)*( : )
—f— tt
P : the Cauchy's pr1n01pa1 value

* . the convolution

o If h(t) is the real part on the real axis of a
holomorphic function F(z)
(3k>0, 3M>0, |z|*|F(z)|< M for |z|—x),
its imaginary part v(t) is uniquely given
by the Hilbert transform of h(t).



How to calculate the Hilbert Transform

e HT: convolution of h(f) and g(f)=1/ m t;

ﬁ’h(t)zh(t)*( j

0
it

e FTof g(t)=1/ mt: g(w)=—isgn(m)=-

e FT of #h(t): #h(w)=h(®)§(w)

where fz(a)) is the FT of h(t)

—1 (@ >0)
0 (w>0)
1 (w>0)



How to calculate the Hilbert Transform
I - ——

o [ inverse FT of fAl(a))Q(a))] = Hh(r)

e h(—w)=h(w) since h(t) is real

1 pon .
Hht)=——[ h@)3j(@)e" do

_ ﬁ“o ih(w)e™ dw + Jm(—i)fz(w)ei”t da)}

h(w)e™ — h(—w)e w’t}da)

27r [
=Im[ﬁ jo 2h(w)e™ da)}



How to calculate the Hilbert Transform
- ——

1 pe 7 iot _ L cr iot
%(h(t)_lm[% | 2h(@)e da)}—lm[zﬂ | h)e dw}

, 2h(w) (o >0)
0 (0 <0)

where H(a)) =

1 “ AL iot . L < iot
h(t)= Re[ﬂ jo 2h(w)e dw}—Re[zn J._ooh(a))e dw}

F@t)=ht)+iHh()
1 =2 St . L pe s it
==l 2h(w)e” dw = Ef_ooh(co)e dw
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Examples of HT

h(t) = sint FfEh(t)=—cost

cost sint

exp(it) —1exp(it)

exp(—1t) 1exp(—it)
1 L

t* +1 t° +1

sint 1 —cost

t t

H [Fht)|=-h)



Hilbert Transform

C —
e Consider h(t) = a(t) cosw yt, for example,

where a(t) is slowly varying function of ¢,
the Fourier components of a(f) vanish for |w |>w,

o Its Hilbert transform: 7€ h(t) = v(t) = a(t) sinw 4t .
o F(t) = h(t) + 1v(t) = a(t) ewot

e a(t): the amplitude, f= w,/27m: the frequency
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The Chirp Signals

e The chirp signals from the inspiral phase of CBC:

2
h(t) = A(r) CZOS ! cos d(7)

h (t)= A(t)costsin®(7)

where 1 1s the inclination of the orbital plane and

A(r)= ﬁ(Gj\fc j (ﬂfgw j

r C C

1 5 3/8 GM -5/8
o) (2%
T\ 2567 C
SGMC jS/g 7:5/8

©(1)= |21 f, (1)dT =D, - 2( >

: time at coalescence

t=t_ —t; t_.:

coal
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The Chirp Signals

2
h.(t) = A(r)T 0208 L cosd(1)

h (t)= A(t)costsin®(7)

o Since A/A~1>2/ f, =P, (orbital period)

in the inspiral phase, when 7=t _ ,—t> P,
. 1+ cos’
we can consider A(T) czos ' and A(7)cost as the

amplitude of h, and h, and f, as the frequency.
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The Complex Chirp Signal

14 cos’1
e We cannot measure A(7) CZOS or A(T)cost

and cos®(7) or sin®(7) separately.

e The output of the detector is
h(t)=F, (n)h, (t)+ E (n)h,(t)

F_(n) and F_ (n) : the detector pattern functions
n: the direction of propagation of the wave

e Define the complex signal h(t) as
h(t)=(F.(a)—1F (#))(h,@)+ih (D))
( 2
= F+1+020S l—iFX COSle(T)(COS(I)(T)+iSin(I)(T))
\
=(F - iﬁ'x)A(’L')(cos (1) +1sinD(T))
=ht)+iv(t)
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The Complex Chirp Signal

o ht)=(F,—iF,)A(t)(cos®(r)+isind(T))

= \/Ff +F e’ x A(1)e' ™™

= \/ E2+E2A(1)e™™™) = A(t)e™®

1 do®t)
2w dt

o IF: fow(®)=

e IA: |A(t)] = At)=\E? +E>A()

A 1+ 2 ~
F=F CZOS L F =F cost
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The Complex Chirp Signal

I I
~ R = = R 1 2 =
e RO =A®=E +E7 A F=F =", F=F,cost

e detected by two or more detectors
o the position of the source is known = F and F, are known

b =B+ B2 A1) k=12, ..)

X F, 2(H_C()Szl\zﬂ—F > cost
‘hl(t)‘ ~ \/E+2+Fle2 ~ 1+ X 9) ) 1x
ﬁz(t+At)‘_\/ﬁ‘ 2 2 (1+cos’t)
S N E,’ , +F, > cost
\ J

observed
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Time-frequency analysis of chirp signals
L I -

e The time-frequency analysis can be made
by the Hilbert spectral analysis (HSA)
of observed chirp signals h(t);

h(t) = F.(n)h, () + F, (n)h, (1)

e The HSA is applied to the GWs from other
phases of CBC, merger and ring-down phase,
or other sources including continuous and
burst sources.
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HSA vs FSA

e h(t)=coswt+cosw,t

e The Fourier spectral analysis (FSA):
superposition (or interference)
of two waves of frequencies w; and w,.

19



HSA vs FSA

e h(t)=coswt+cosw,t

e The Fourier spectral analysis (FSA):
superposition (or interference)
of two waves of frequencies w; and w,.

o The Hilbert spectral analysis (HSA) :
beat
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HSA vs FSA

e h(t)=coswt+cosw,t

e The Fourier spectral analysis (FSA):
superposition (or interference)
of two waves of frequencies w; and w,.

o The Hilbert spectral analysis (HSA) :
beat

h(t) =y{2 COS (@, _2w2 )tlfos (@, +@,)

of frequenc with a mocgulated amplitude

(0, +m,)/2

(0, —m,)t

a(t)=|2cos = \/2(1+cos(a)1 —0)2))

21



0.5

1.5

2.5

3.5

22



Beat

h(t)=a,cosw, +a, cosm,

o |0, —0,|<® +0, = a beat
e Otherwise =) SUperposition of two waves
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a=10, w, /2xr=10Hz, a,=0.5, ,/2r=11Hz
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Beat

N O —
h(t)=a, cosw, +a, cosw,

o |0, —0,|<® +0, = a beat

e Otherwise =) SUperposition of two waves

e FSA == superposition
HSA == beat (or sometime unphysical as the next discussion)

e Question:

> Is it possible to distinguish a beat or superposition
depending on |w,-w,| ?

e Answer:
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Problems in HSA

e The IF is obtained as long as the integral

h(t'
J ( ) dt' converges.
—~f—t'
e IF: not always physically meaningful
* h(t)=acosot+b F(t)=h®)+i#ht)=ae™ +b
Fh(t)=asinwt = A(t)e ™"

IA: A(t)=(a’+b* +2abcosot)

1 do(t) o a(a+bcoswt)
2r dt 2w a’+b*+2abcoswt

IF: f(t)=

26



h(t)=cos2rnft+b, f=5Hz

o~ o~ o
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— l\.)qul—*Or—*Nw

A

h(t)=cos2rnft+b, f=5Hz

F(t)=h(t)+iFh(t)= At)e™"

signal

\/\/\/\/\/

amplitude

\/\/\/\/\/

b=0.75 b=1.5

YV VvV VY
/\trequency /\ /\ /\ /\
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9

1@\1; T'z;é

0 phase diagram
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h(t)=cos2rnft+b, f=5Hz, b=0

' amplitude 1

frequency

phase diagram

The point of the complex signal moves along the circle at a constant
speed in the complex plain.

The phase increases with time at a constant rate and the frequency
is constant. The amplitude is constant, too.
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A

h(t)=cos2rnft+b, f=5Hz

F(t)=h(t)+iFh(t)= At)e™"
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h(t)=cos2nft+b, f=5Hz, b=0.75

S S NS S S

frequency

phase diagram

The point moves at a constant speed.
The phase increases monotonically

But the rate changes with time; the frequency is not constant.
The amplitude varies with time, too.

It is not the case that the amplitude varies slowly.
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A

h(t)=cos2rnft+b, f=5Hz

F(t)=h(t)+iFh(t)= At)e™"
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h(t)=cos2rnft+b, f=5Hz, b=1.5

signal

amplitude

frequency '

The phase decrease in some region.
It causes a negative frequency.

phase diagram
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Decomposition of Signals
I -

To overcome this problem
and resolve the beat-or-superposition problem,

e we need to decompose signal h(t) into
some waves C.(t) and the non-wave part r(f);

ht)= Y c,@)+7rt)=) a.(t)cos®,(t)+7(t)
k k

c.(f): intrinsic mode functions (IMF)
r(t) : the trend (non-wave part)

e a,(t) and r(t) are slowly varying functions.
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Intrinsic Mode Functions (IMFs)
I -

e An IMF must satisfies the following conditions
to obtain a meaningful IF:

> oscillate around zero;

in the whole data set,
| # of extrema — # of zero| = 0 or 1

> locally symmetric wrt zero;
the mean value of the upper and lower envelopes
defined by the local maxima and minima = O

o Empirical Mode Decomposition (EMD):
a sift procedure for decomposing a signal into IMFs.
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Empirical Mode Decomposition (EMD)

e Set h,(t) = h(t) (the original signal)
e fori=1to,,
> h;(t) = hy(t)
> fork=1to k.,
1) Mark the local maxima and minima of hy(t).

2) Interpolate the maxima and minima by cubic splines
== the upper U, (f) and lower L;(t) envelopes.

3)  my(t) = (Upl®) + Ly(t) /2.
4) Ry, (1) = hylt) - my(d).

» Exit if a certain stoppage criterion is satisfied.

> IMF iis obtained; c,(t) = hy(t) .

> Set hy,,(t) = hyt) - ci{b).

o Set the final residual r(t) = h t).

imax+1 (
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0.6 . IMF1, iteration O

04

0.1 02 03 04

e The original signal h,(t) = h(t) = h(t)

0.6
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0.6

IMF1, iteration 1

04 ;

02t

0.1 0.2

e Mark the maxima.

0.3

04

0.6
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0.6

04

0.2 ¢

04 |

-0.6

IMF1, iteration 1

o

0.1

0.2 0.3 04 0.5 0.6

e Interpolate the maxima by cubic splines
to obtain the upper envelope U, ().
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0.6 IMF1, iteration 1

0.1 0.2 0.3 04 0.5 0.6

e Repeat the procedure
to obtain the lower envelope L,(?).
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0.6

IMF1, iteration 1

4‘,‘

0.2 ¢

04 |

-0.6

I ‘,4

0.1 0.2 0.3

e Subtract the mean m,,(f)

from the original signal h,(t),

04

0.6
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IMF1, iteration 2

04

o3| |
02 | |

0.1

N, |

02 |

-0.3 :
0.1 0.2 0.3 04 0.5 0.6

e to obtain the residual hy,(t) = hy(t) - m,(1).
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IMF1, iteration 2

04
03 ¢
02 ¢
0.1

0

0.1 ¢

02 |

-0.3 ;
0.1 0.2 0.3 04

e Iterate the procedure on h,(t).
e Mark the maxima and the minima.

0.5

0.6
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IMF1, iteration 2

04
03
02 ¢

0.1

0

0.1 ¢
02 |

-0.3 :
0.1 0.2 0.3 04 0.5

e Interpolate the maxima and minima
to obtain the upper and lower envelopes,
U,,(t) and L,,(f).

e Calculate the local mean curve
my,(t) = (Uso(t)+Lq5(1) /2.

e Subtract m,(t) from hy,(2).

0.6
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IMF1, iteration 3

04
03 ¢
02 ¢
0.1

0

0.1 ¢

02 |

-0.3 :
0.1 0.2 0.3 04 0.5

e to obtain the residual hy;(t) = hy,(t) — m,(1).

0.6
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04

IMF1, iteration 3

03 ¢
02 ¢
0.1

0

0.1
02 |

-0.3 : ;
0.1 0.2 0.3

e [terate the procedure on hy,(t),

04

0.5

0.6
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04

03 ¢t
02
0.1 ¢

0.1 ¢
0.2 ¢
0.3 ¢

04

IMF1, iteration 4

0.1

0.2

0.3

04

0.5

0.6
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04

03 ¢t
02
0.1 §

0.1 §
0.2 ¢
0.3 ¢

04

IMF1, iteration 4

0.1

0.2

0.3

04

0.5

0.6
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04

03 ¢t
02

0.1

0.1 §
0.2 ¢
0.3 ¢

04

IMF1, iteration 5

|

M7

L

[V

0.1

0.2

0.3

04

0.5

0.6
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04

03 ¢t
02

0.1

0.1 |
0.2 ¢
0.3 ¢

04

IMF1, iteration 6

T

i

0.1

0.2

0.3

04

0.5 0.6
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04
0.3
0.2
0.1
0
0.1
0.2
-0.3
04

IMF1, iteration 6

AN

|\
VYV YUYV

0.1

0.2 0.3 04 0.5 0.6

e until the stoppage criterion is satisfied;
|m,,.(t)| is sufficiently small and/or
the numbers of zero crossing and extrema of the
residual h, ,,,(f) are equal or differ at most one.
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04 IMF1

03 ¢t
02
0.1

(o 1 '8 W S N A U AU JEORY N O A Y A U A N O Y A Y O O IO Y Y Y

0.1 ¢
0.2 ¢
0.3

04 : :
0.1 0.2 0.3 04

e Adopt hy ,4(t) as IMF1, c¢,(t),
if the stoppage criterion is satisfied.

0.5

0.6
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0.6 IMF?2, iteration O

: AN W ‘ AA w\/

e Subtract IMF1 c,(t) from the original signal h;(t),
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0.5

IMF2, iteration 1

04
03
02 ¢
0.1 ¢

0t
0.1
0.2
0.3 |
04 ;

05 J n - A
0.1 0.2 0.3 0.4 0.5

e to obtain the residual h,(t) = h,(t) — c,(1).

0.6

e Apply the sifting process on h,(t) again to obtain IMF2.
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0.5

04 ¢

03

02}
0.1 ¢

0f
0.1 ¢
02 ¢

0.3

04 |

-0.5

e Calculate the upper U,,(t) and lower L,,(f) envelops

IMF2, 'iteration 1

0.1 0.2 0.3 04 0.5 0.6

and the mean curve m,(f).
e Subtract m,,(t) from h,,(t),
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e tO

0.25

02

0.15

0.1
0.05 |

-0.05 |
0.1 ¢

-0.15
0.2
-0.25

obtain h,,(t).

IMF2, 'iteration 2

0.1

0.2

03

04

0.5

0.6
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0.25 IMF2, iteration 2

02 ¢
0.15
0.1 ¢
0.05
0
-0.05
0.1 7
-0.15 |
0.2
-0.25

0.1 0.2 0.3 04 0.5 0.6

o [terate the procedure until the stoppage criterion is
satisfied,
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0.25

02 ¢
0.15 |
0.1 ¢
005 |

-0.05 |
0.1 ¢
-0.15 ¢

-0.2
-0.25

IMF2, iteration 3

AL

LUV

0.1 0.2
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IMF3

-03

0.03

0.02 ¢

001 ¢

-0.01

-0.02 |

-0.03

O o2 o4 O.6 0.8 1

e The sifting process is applies repeatedly to obtain
IMF3, IMF4, etc.



0.014
0.012
001
0.008
0.006
0.004 |
0.002

residual

-0.002
-0.004 |
-0.006

e The sifting is completed
when residual r(t) is smaller than the predetermined
value,

or when r(t) has at most one extremum.



the original signal h(t)

“IMFI ¢, ()

F2 ¢3(1)

W

IMF4 ¢,(t)

residual r(t) |

| Finally, the original

signal is decomposed
in terms of IMFs.

h(t) = ici(t) +1(f)
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Empirical Mode Decomposition (EMD)
I ~——

e The EMD serves two purposes.

» To decompose the signal into some waves of
considerably different frequencies.

» To eliminate the background trend
on which the IMF is riding.

> To make the wave profiles more symmetric.
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Intrinsic Mode Functions (IMFs)
I -

+ the first IMF: the finest-scale
or the shortest-period oscillation

+ the next IMF: the next shortest-period one.
o The EMD is a series of high-pass filters.

e the residual r(i):

» an oscillation of very long period
or a signal varying monotonically

> the adaptive local median or trend.

65



Stoppage Criteria of the EMD

Several different types of stoppage criteria

e the Cauchy type of convergence test (Huang et al 1998);
the iteration is completed if m,(t) is small enough,

N N
>yt <€),
j=1 j=1

with a predetermined value of €.

hy(t;)’

b

» mathematically rigorous
> not easy to predetermine the value of €.
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Stoppage Criteria of the EMD

Another type of criterion proposed by Huang+ (1999, 2003)

o the S stoppage;
The EMD stops only after the numbers of zero crossing
and extrema are:

» Equal or differ at most by one.
» Stay the same for S consecutive times.

e the optimal range for S : between 3 and 8
(Huang et al 2003)

e Any selection is ad hoc,
and the optimal values of € and S are likely to
depend on the signal.
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Hilbert-Huang Transform
I -

e Hilbert-Huang Transform (HHT)
HSA of IMF == time-frequency analysis of signals

e The EMD: an adaptive decomposition
» not require an a priori functional basis

> the basis functions:
adaptively derived from the data
by the EMD sift procedure, instead

e The HHT can be applied to
nonlinear and non-stationary data.
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Application of HHT to search for GWs

e output of GW detectors: signal s(t) + noise n(t)
h(t)=s(t)+n(t)

e noise: spreading across broad band
in the frequency domain

e EMD == decomposing the output
into the signal and the noise
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Problems with EMD

e the original EMD: sensitive to noise

» In the original form of the EMD, mode mixing frequently
appears.

e mode mixing

> A single IMF consists of signals of widely disparate
scale.

» Signals of a similar scale reside in different IMF
components.

w serious aliasing in the time-frequency distribution
w not physical meaningful IMF
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Mode Mixing

e Mode mixing often occurs if envelopes are close
together and at height away from zero.

Envelopes and the Mean : data
T T T

10

1
—— Data
-~ Envelope
~—— Envelope I
— Mean :m1

Amplitude

-8 | ‘

0 1 | 1 1 1 1 1

200 250 300 350 400 450 500 550 600
Time : second




Ensemble EMD

e Solution: Ensemble EMD (EEMD)

» Proposed by Huang et al. (2009)
» Inspired by the study of white noise using EMD

e Algorithm:

1) Add white noise to the original data
to form a "trial", h.(t)=h(t)+n.(t).

2) Perform EMD on each hy(t) with different ny(t).

3) For each IMF, take ensemble mean among
the trials (1 =1, 2, ... ) as the final answer.
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@

EMD

o EEMD is a noise-assisted data analysis.

e Noises act as the reference scale.
They perturb the data in the solution space.

e A noise contaminates the data.
e Noises will be cancelled out ideally by averaging.
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Parameters to be Predetermined
[ I

e To perform the EMD or the EEMD,
we must predetermine

> stoppage criterion:
e the value of € (the Cauchy type convergence)
e the number of S (the S stoppage)

> the size of the ensemble for EEMD

> the magnitude large noise to be added for EEMD
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Application of HHT to search for GWs

e In order to demonstrate applicability of the HHT
to search for GWs, especially burst waves,
and
in order to determine optimal parameters
of the EMD or the EEMD,

we made simulations.

(H. Takahashi+, Advances in Adaptive Data Analysis Vol5 (2013), 1350010)
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Setup for Simulation
I -

o a sine-Gaussian signals: s(t)=ag, exp[—(t/ 1')2 }sinq)(t)
a,; : a constant to be fixed as SNR 1s specified
7=0.016s

> SG with constant freq. (SG-CF):

d
j,fSG”’

t
0.01s

300Hz

o(t) = 67r( S

> SG with time-dependent frequency (SG-chirp)

t t Y
HO)= 27{3(0.01s)+0 24(0.01sj }
t
fig _{300+48(O.018)}Hz
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Setup for Simulation
L -

e data to analyze: add noise to each signal
h(t)=s(t)+n(t)

e noise n(t): Gaussian noise of 0=1

\/zj(s(tj))z

0

e Signal-Noise Ratio (SNR): SNR =

> SNR=10: ay=1.56
> SNR=20: Qa4 =3.12

e how accurately the signal is recovered from the noisy
data under the HHT with various parameters
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Signal and Noise
L ——

Signal a (signal) = 3.12 4 I Signal a (signal) = 3.12

2 | f=300Hz ' 1 2 | fif)=(300 + 48 1yq) ) Hz
0 Al AM N l AﬁnM Mnﬁhn.‘

W11 g L

Noise o (noise) =1

(=]
L
<
L —
[ —
s ——

(SR N

-4
4 + Noise o (noise) =1
5 i

o

4} sNR=20 f " a=312, o=1 1 4} sNR=20 ) " a=312, o=1 1

-01 005 0 005 01 01 005 0 005 01
t [sec] t [sec]

SG-CF SG-chirp

Sine-Gaussian with Constant Freq. with Time-Dependent Freq. .



Simulation
. . I

e We performed the EMD and EEMD procedures for
400 samples of each data set;

» injected signal: SG-CF and SG-chirp
> SNR = 20 and 10
> stoppage criterion:
e S=2,4,6; €=101 1072, 103, 104, 10>, 10°
» magnitude of the noise added for the EEMD
e 0.=0.5,1.0, 1.5, 2.0, 3.0, 5.0, 10.0, 20.0
> the size of the ensemble for the EEMD

e confirmed that the results change little
with N, > 100

+ N, = 200;
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IMFs: SG-CF, SNR=20

o
EMD EEMD

EMD SNR =20 Signal " IMF1 —— EEMD SNR =20 | Signal - IMF1 ——

" IMF4 —— i ) " IMF4 —

-0.1 -0.05 0 0.05 01 -0.1 -0.05 0 0.05 0.1
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SG-CF, SNR=10

IMFs

EEMD

EMD

" IMF1 —

EEMD SNR

" IMF3

10

" IMF4

-0.05

" IMF1

EMD SNR

Signal

=10

" IMF3

" IMF4

-0.05

-1F

01

0.05

-0.1

01

0.05

-0.1

t [sec]

t [sec]
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IMFs: SG-chirp, SNR=20

EMD

" IMF4 ——

-0.1 -0.05 0 0.05 01

EEMD SNR =20

" IMF1 ——

" IMF4 —

-0.1

-0.05

0.1
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IMFs: SG-chirp, SNR=10

T
EMD EEMD

EMD SNR-=10 si " IMF1 —— EEMD SNR=10 |, Signal - IMF1 —

-0.1 -0.05 0 0.05 01 -0.1 -0.05 0 0.05 01
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Instantaneous Amplitudes (EEMD)

Overlap of IAs of IMF2~4 for 30 samples with the EEMD

SG-CF SG-Chirp

XF=0, =107, g,=2 signal | [ XF=0,¢=10" o,=2 signal
o] f=300Hz | oL A0=000+48 g Hz

| X\ . X\
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Instantaneous Frequencies (EEMD)

Overlap of IFs of IMF3 for 30 samples with the EEMD
SG-CF

I “l 5 11
I ‘ =10*, 0,=2, f— [y "l ”
i "'|. | | Al i -‘;'.:I. (1 -‘l '*la 1 |
-‘,'. e 1 I;f. | f{h i; : | :

) o)
=) =)
& =]
o) o)
) =)
B B




Regression for the IF

e To determine the accuracy,
the linear and quadratic regression are made
for the IF f(t) calculated with the HSA of each IMF.

> the linear regression:
fru@®=]a,+b,(t/0.01s)|Hz
> the quadratic regression:
fu®=|a,+b,(t/001sy+c,(t/0.01s)* [Hz

m the exact values:

a=300, b=0, c=0 for SG-CF
a=300,b=48,c=0 for SG-chirp
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Regression of IF (SG-CF)

The coefficients of the linear and quadratic regression of IFs for
SG-CF. The averages and the standard deviations of 400 samples
are shown.

Fitting Range: —1.5 < (¢/0.01s) < 1.5;

XF=0, S =4, g, = 2.0 (for EEMD)

SG-CF: fsg = 300Hz; a = 300,b =0,c =0 )
a I b I c p o R?

SNR=20 | |

EMD | 300.4+ 2.2 0.24+ 5.3 1.040.8 | 6.442.1 | 0.02-40.03
EMD |299.14+ 3.51 0.3+ 7.8 1 3.4412.2 | 1.74£1.3 | 6.442.1 | 0.08+0.08
EEMD | 299.6+ 1.3 1 —0.2+ 2.4 0.640.4 | 2.940.6 | 0.0440.05
EEMD | 299.34 2.0 1 —0.1+ 2.4 1 0.7+ 4.0 | 0.940.4 | 2.940.6 | 0.1140.10
SNR=10 | |

EMD | 307.0+18.4 1 0.64+25.4 6.144.2 | 16.846.2 | 0.0940.12
EMD | 291.9423.2 1 2.3433.8 1 31.2439.7 | 9.245.5 | 16.5+5.9 | 0.27-+0.22
EEMD | 301.5+ 3.2 1 —0.54+ 5.5 1.540.8 | 5.3+1.3 | 0.06+0.06
EEMD | 300.0+ 4.5 1 —0.1+ 6.1 1 3.6+ 9.3 | 2.141.1 | 5.3+1.3 | 0.14+0.13

The difference between EMD and EEMD is not apparent
except for the quadratic regression of low SNR.
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Regression of IF (SG-chirp)

The coefficients of the linear and quadratic regression of IFs for
SG-chirp. The averages and the standard deviations of 400 samples
are shown.

Fitting Range: —1.5 < (¢/0.01s) < 1.5;

XF=0, S =4, 0. = 2.0 (for EEMD)

SG-chirp: fsqg = (300 + 48(¢/0.01s))Hz; a = 300,b = 48,¢ = 0 1)
a 1 b l c p ) R?

SNR=20 | |

EMD 301.1+t 4.5 : 45.2+ 9.2 : 1.44+1.3 | 7.44+2.7 | 0.6540.22

EMD 297.44+ 7.3 l 41.6£17.0 | 9.3+17.4 | 2.542.2 | 7.442.6 | 0.69+0.16
EEMD | 299.1+ 1.2 i 46.7t 2.7 | 0.7£0.4 | 3.2+£0.7 | 0.92+0.04
EEMD | 298.7t 2.2 ; 46.91+ 2.7 : 0.9+ 4.4 | 1.1+£0.5| 3.240.7 | 0.93+0.04
SNR=10 | I

EMD 309.8+23.3 : 27.9432.1 : 7.4+5.4 | 17.7£6.5 | 0.24+0.22

EMD 290.9426.0 « 18.9441.9 1 34.9444.6 | 10.846.4 | 17.446.2 | 0.4540.20
EEMD | 301.7+ 3.5 i 41.3+ 7.4 : 2.1+1.4 5.9+1.8 | 0.72+0.17
EEMD | 299.7+ 4.9 1 41.2+ 8.2 4.6+11.3 | 2.84+1.7 | 5.94+1.8 | 0.76+0.14

EMD gives worse results for low SNR,
but difference between EMD and EEMD looks small for high SNR.
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Indices of the Accuracy of Fitting

o the relative error of fitting against the exact freq.:
WITSS [fﬁt (t) _ fSG (t)]

WTSS| fso ()]
the weighted total sum of squre: WTSS| f(t)|= EAz(t ) f° (t;)

A(t): the IA of the IMF

p =100 X

smaller 0 == better fit to the exact freq.

o the deviation of the IF for each IMF around the exact freq.:

WTSS[ fir ()~ fi @]
WTSS[ fo )]
[t indicates how widely f;;z fluctuates around the exact freq.

The procedure is considered unstable if 0 is large,
even if 0 is small.

o0 =100 x
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Indices of the Accuracy of Fitting

e the coefficient of determination:

R*=1- WTSS [.ffit (t)— fIMF (t)]
WTSS| five @]

» R? is a measure of the goodness of fitting, too.

» R? =1 if the regression line perfectly fits the data;
R? = 0 indicates no relationship between f;,;z and t.

> For SG-chirp (time-dependent freq.):
R? = 1 indicates better fit

> For SG-CF (constant freq.):
R? = 0 indicates better fit
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IF obtained with the EMD and |

T
T
=
O

)CF:O,S:“, O'e=2
s0} f=300Hz

XF=0, §=4, 6,=2 SNR=20
f(®=(300+48 (#/0.01s))Hz

The IFs with EMD fluctuate more widely than with EEMD.
==) mode mixing
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Comparison of 0, (SG-CF)

the magnitude 0, of the noise added for the EEMD
EEMD; XF =0, S =4; Fitting Range: —1.5 < (¢/0.01s) < 1.5

SG-CF: fsg = 300Hz; a = 300,b =0
Oc aq E b1 p o R2 (1)

SNR=20 0.5 | 300.7£1.7 0.2+ 4.4 0.940.6 | 5.4£1.6 | 0.0240.03
1.0 | 299.54+3.0 ' —0.0+ 3.7 ' 1.14+0.6 | 4.8£1.6 | 0.03+0.05
1.5 | 299.24+1.4 ' —0.1£ 2.6 ' 0.7£0.4 | 3.11+0.8 | 0.0440.06
2.0 | 299.6+1.3 ' —0.2+ 2.4 ' 0.6£0.4 | 2.9+0.6 | 0.04+0.05
3.0 | 300.1£1.3 ' —0.3+ 2.5 ' 0.6+0.3 | 2.8+0.6 | 0.04+0.05
5.0 | 300.94+1.3 ' —0.4+ 2.6 ' 0.7£0.4 | 3.1£0.7 | 0.0440.05
10.0 | 302.641.7 0.3+ 3.3 !1.1+0.6 | 4.6+1.0 | 0.03+0.04

| |
| I
I I
I I
| |
I |
I I
| I
| |
I |
I |
| I
I I
20.0 | 309.6+4.1 |, 8.7+ 7.7 | 4.0+£2.0 | 10.24+2.3 | 0.07£0.07
I |
I |
| I
I I
| |
| |
I |
I |
| |
I |
I |
I |

SNR=10 0.5 | 294.74+8.1 | —0.4+ 9.1 | 3.242.0 | 7.643.0 | 0.0640.08
1.0 | 299.1£3.1 , —0.5% 5.3 | 1.44+0.8 | 5.2+1.2 | 0.0640.07
1.5 | 300.5£3.1 | —0.5+ 5.3 , 1.4£0.8 | 5.241.3 | 0.05£0.06
2.0 | 301.54+3.2 | —0.5+ 5.5, 1.5+0.8 | 5.34+1.3 | 0.06+£0.06
3.0 | 302.84+3.5 1 —0.1+ 6.1  1.74+1.0 | 5.7£1.6 | 0.064+0.07
5.0 | 304.84+4.3 1.1+ 8.1 1 2.4£1.5 | 6.7£2.1 | 0.0640.08
10.0 | 311.446.8 7.94+11.7 1 4.942.6 | 11.2+£3.0 | 0.084+0.09

All except with Very largé O . are acceptable. .



Comparison of 0, (SG-chirp)

I
the standard deviation 0, of the noise added for the EEMD

EEMD:;

XF =0, § = 4;

Fitting Range: —1.5 < (¢/0.01s) < 1.5

SG-chirp: fsg = (300 4 48(¢t/0.01s))Hz; a = 300,b = 48

Oe a | b, p ) R?
SNR=20 0.5 | 301.5& 2.8 ' 44.9% 7.0 ' 1.2%1.1 | 6.3+2.3 | 0.67£0.19
1.0 | 300.14 6.2 ' 43.54 6.0 ' 1.741.0 | 5.941.9 | 0.67+0.20
1.5 | 298.24 1.6 ' 46.3% 3.0 ' 1.0£0.5 | 3.6£0.8 | 0.90£0.06
2.0 | 299.14 1.2 46.7+ 2.7 0.740.4 | 3.2£0.7 | 0.92+0.04
3.0 | 299.94 1.2 ! 46.64 2.7 ' 0.740.4 | 3.040.7 | 0.92+0.04
5.0 | 300.9+ 1.3 ' 46.6 2.7 ' 0.740.4 | 3.140.7 | 0.9240.04
10.0 | 302.04+ 1.7 ' 46.7+ 3.2 ' 1.0£0.6 | 4.040.9 | 0.88+0.06
20.0 | 303.94+ 3.2 ' 46.2+ 5.0 ' 1.6+1.0 | 6.9+1.4 | 0.73+0.11
SNR=10 0.5 | 295.3419.2 | 31.0+16.0 | 5.5+3.5 | 10.634.5 | 0.45-+-0.28
1.0 | 298.2+ 3.3 | 41.3+ 7.2 ' 2.1+1.4| 6.14+1.7 | 0.73+0.15
1.5 | 300.4+ 3.3 | 41.44+ 7.2 | 2.04+1.4| 5.941.7 | 0.7340.16
2.0 | 301.74 3.5, 41.3+ 7.4, 2.14+1.4| 5.941.8 | 0.7240.17
3.0 | 303.2+ 3.7 41.24+ 7.6 1 2.3+1.5 | 6.2+1.9 | 0.7240.17
5.0 | 304.84 4.3 1 41.54+ 8.2 1 2.54+1.7 | 6.742.2 | 0.7040.18
10.0 | 307.8+ 6.6 1 40.3+ 9.9 1 3.3+2.3 | 8.94+2.6 | 0.59-+0.20

All except with very large as well as small 0 . are acceptable.
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Plots of Coetficients for various 0O,
L [ ——
304_f(t)'=(300+'48(t/O.OIs))Hz ' SNR=20 ' 56

302} l I | 52

a 30049 ¢ S L P 1t $ | 13b
@ ai

298| | 1a
296 | 10
310} | ' ' ~ SNR=10 |
305} { + 1
a 300 | 1 | , | Ty
Td ] |o 9 ? d
295 ¢ | 40
200} (
e
05 10 15 2 3 5 10
Ge

The dependence of the accuracy on 0 . is rather weak.
The best value of 0 _depends on SNR;
~ 3.0 for SNR = 20; ~1.5 for SNR = 10 o



Comparison of stoppage criteria (SG-CF)

EEMD; XF =0, S =4; Fitting Range: —1.5 < (¢/0.01s) < 1.5
SG-CF: fsg = 300Hz; a = 300,b = 0
S/e a; . b, p ) R?
SNR=20 §=2][298.84 1.5' —0.1+ 2.6 ' 0.840.4 [ 3.1£0.8 | 0.04:£0.06
4(299.6+ 1.3 ' —0.2 2.4 1 0.6+0.4 | 2.940.6 | 0.04+0.05
6 | 300.0+ 1.3 ' —0.24 2.5 1 0.6+0.3 | 3.0£0.6 | 0.0440.05
e=10"1|302.1% 1.9 ' —0.0+ 4.0 ' 1.1£0.7 | 3.7+1.2 | 0.04:£0.05
1072 | 299.94+ 4.3 ' —0.1+ 3.6 ' 1.5£0.7 | 4.741.2 | 0.030.04
1073 | 299.04+ 1.4 | —0.14+ 2.5 ' 0.740.4 | 2.940.7 | 0.05£0.06
10~* | 300.2+ 1.2 ' —0.1+ 2.5 ' 0.6+£0.3 | 3.140.7 | 0.03+0.04
107° | 301.3+ 2.0 ' —0.3+ 3.1 ' 0.940.5 | 4.3+1.0 | 0.02+0.03
10-% | 299.54+ 1.3 ' —0.34+ 2.4 ' 0.740.4 | 2.740.7 | 0.0540.07
SNR=10 S =2|298.5+ 3.2 —0.84+ 5.7 1.54+0.9 | 5.1+1.3 | 0.06+0.07
4|301.5+ 3.2 —0.5+ 5.5 ' 1.54+0.8 | 5.34+1.3 | 0.064-0.06
6 | 303.4+ 3.6 | —0.3+ 6.4 | 1.94+1.1| 5.941.6 | 0.063-0.06
e=10""'|311.8+16.7, 2.2+16.6 | 6.843.9 | 12.14+5.3 | 0.1040.10
1072 | 292.2+ 5.4, —1.14+ 8.6 , 3.3£1.9 | 6.842.2 | 0.08-+0.10
1073 | 299.4+ 3.1, —0.7+ 5.4 , 1.44+0.8 | 4.94+1.2 | 0.0640.07
10~4 | 305.24 4.1 0.4+ 7.9, 2.4+1.4| 6.6%2.0 | 0.0640.07
105 | 295.14+ 4.6 « —0.9+ 6.0 1 2.3+£1.2 | 5.4+1.6 | 0.0740.09
10¢ | 301.44+ 2.8 1 —0.5+ 5.2 1.440.8 | 4.7+1.1 | 0.0640.07

All except with very small € are acceptable.
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Comparison of stoppage criteria (SG-chirp)
I -

EEMD; XF =0, S =4; Fitting Range: —1.5 < (¢£/0.01s) < 1.5
SG-chirp: fsg = (300 + 48(£/0.01s))Hz; a = 300, b = 48
S/e aj l b, p ) R?
SNR=20 S =2|297.6+ 1.6'46.1% 3.1 ' 1.140.5 | 3.540.8 | 0.91£0.05
4|299.1%+ 1.2 1 46.7+ 2.7 1 0.74£0.4 | 3.2:£0.7 | 0.920.04
6 | 299.7+ 1.2 ' 46.74 2.7 1 0.7£0.4 | 3.240.7 | 0.91£0.04
e=10""|303.1% 2.4 44.0& 5.5 ' 1.4%1.0 | 4.5£1.9 | 0.80£0.16
1072 | 300.4% 8.0 ' 42.24 6.3 ' 2.241.2 | 5.4£2.0 | 0.74£0.18
1073 | 298.04+ 1.6 ' 46.3+ 2.9 ' 1.040.5 | 3.340.8 | 0.92+0.05
10-* | 300.1+ 1.3 ! 46.6+ 2.9 ' 0.74£0.4 | 3.340.8 | 0.9040.05
1077 | 302.6+ 3.3 ' 43.54+ 4.7 ' 1.440.8 | 4.941.6 | 0.74£0.14
1076 | 298.7+ 2.0 ' 45.4+ 2.9 ' 1.0+£0.5 | 3.4£0.9 | 0.90£0.07
SNR=10 S = 297.44+ 3.5, 41.24+ 7.2, 2.24+1.5| 5.84+1.8 | 0.75+0.15
41301.74+ 3.5,41.3+ 7.4, 2.14+1.4 | 5.941.8 | 0.7240.17
6 | 304.3+ 4.2 | 40.1+ 8.3 | 2.54+1.7 | 6.642.2 | 0.6740.19
e=10"" | 314.2422.7 | 25.84+18.8 | 8.244.6 | 13.44+5.5 | 0.3340.26
1072 | 288.5+10.4 | 34.14+12.1 , 5.1+£3.2 | 8.74+3.7 | 0.58+0.26
10~3 | 298.7+ 3.2, 41.6+ 6.7 | 2.0+1.3 | 5.6+1.6 | 0.76+0.14
10-% | 306.94+ 5.9 1 37.9410.2 | 3.242.2 | 7.442.7 | 0.60+0.22
105 | 293.5410.7 1 34.7+ 9.9 1 4.242.5 | 7.643.0 | 0.6140.23
10~° | 301.8+ 3.3 1 41.34+ 6.8 1 2.0£1.4 | 5.54+1.7 | 0.7540.15

Unstable with large €.
A rigid criterion is likely to cause the mode mixing.



Conclusion
I e

e The EMD tends to cause stronger mode mixing
than the EEMD.

o Stoppage criterion: the most important
» The strict criterion is generally adequate.
e [t sometimes causes mode mixing.
e [t always requires long CPU time.
> the optimal value: S = 2~4 or £€=10"
e 0 . magnitude of the noise to be added for EEMD
» The dependence on the accuracy is rather weak.

> the optimal value: 0_=1.0~3.0
(may depend on the amplitude of the signal)

(H. Takahashi+, Advances in Adaptive Data Analysis Vol5 (2013), 1350010)
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Application of HHT to search in GWs

Since HHT provides time-frequency analysis of waves
> with fine resolution
» without templates,

it can be applied to

e constructing a low-latency alert system

for multi-messenger observation
(M. Kaneyama, KO+ 2013)

o detailed analysis of detected GWs from various

sources including CBC, bursts of stellar core collapse
(M. Kaneyama+ in collaboration with NR group, in preparation)

e examining detector characterization (detchar)
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