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We are developing 3 dimensional simulation codes for coalescing binary neutron stars. A
code using the maximal slicing condition is obtained. To evaluate the gravitational radiation,
we implemented a gauge-invariant wave extraction and compared the wave forms with the
metric tensors at the wave zone. The energy spectrum of the waves was also evaluated to
investigate the possibility that the excitation of the quasi-normal modes of the black hole,
which may be formed after the merger of two stars, can be observed.

§1. Introduction

We are constructing computer codes on 3D numerical relativity.!:? We report
here on the present status of our computer code development to study the fully
general relativistic evolution of spacetimes and matter. Our main target is to study
the evolution of coalescing binary neutron stars and the radiation of gravitational
waves from the merger. Coalescing neutron stars or black hole binaries are the
most promising sources of strong gravitational waves for interferometric detectors
such as TAMA300, LIGO, VIRGO, and GE0600.3) The first detection by these
detectors may be the waves from a black hole binary because of the larger mass
of the system. However the astrophysical importance of a coalescing neutron star
binary is not smaller than a black hole binary. For example, in a certain model
of a gamma ray bursts,?:® the central engine is a coalescing neutron star binary.
Furthermore, a detailed analysis of the detected waves near the merger of two stars
will give information on the size of a neutron star and then on the equation of state
of high density matter.

Gravitational waves from coalescing binaries consist of three phases; (1) the
inspiral phase, (2) the merging phase and (3) the ringing-down phase. At the inspiral
phase, the separation between two stars is so large that they may be considered as
point masses and the luminosity of gravitational waves is so small that the orbit of
each star may be quasi-stationary. The waves from this phase is called the chirp
signal and the wave form can be estimated in a post-Newtonian approximation. The
coalescing binary neutron stars at the merging and the ringing-down phase cannot
be considered as point masses and the general relativistic effects become large. Thus
general relativistic numerical simulations are necessary to investigate the evolution
of the binary at these phases and to predict the radiation of gravitational waves from
the merger.
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In the previous code we used the conformal slicing condition in which the metric
becomes the Schwarzschild one in the outer vacuum region so that the wave extrac-
tion is easy, while for the long time integration the slicing is not stable.!) Then we
started to construct a new code using the maximal slicing condition. Disadvantages
of the maximal slicing compared with the conformal slicing are 1) the extraction of
gravitational waves is not straightforward, 2) more CPU hours are required since an
elliptic partial differential equation should be solved for the lapse function «. For
the former, Abrahams et.al.?) gave the gauge-invariant wave extraction technique
for axially symmetric, even-parity perturbations in the Schwarzschild metric. We
extend their technique to non-axially symmetric perturbations both for even- and
odd-parities. As a result, we found that the gauge dependent modes in a spatial
metric perturbation is so small at the vacuum exterior region that a good estimate
of gravitational waves is given easily. Shibata and Uryu” have reported gravitational
waves from the merger of binary neutron stars using a different code with different
coordinate conditions so that the comparison of our results with theirs is important.

In the followings, we show recent results of our 3D general relativistic simu-
lations of coalescence of binary neutron stars and the estimation of gravitational
waves. In §2 and §3, we describe basic equations for our general relativistic code for
coalescing binary neutron stars and our coordinate conditions. Numerical methods
are described in §4 and we show how to extract gauge-invariant gravitational wave
form in §5. In §6, numerical results of simulations of the coalescing neutron star
binary are presented and §7 is devoted to the discussions.

§2. Basic Equations

In order to follow the time evolution of the space-time and the matter, the
Einstein equation should be reduced to a system of evolution equations. We use the
(34+1)-formalism of the Einstein equation. In the (3+1)-formalism of the Einstein
equation, the line element is given by

ds® = —aPdt? 4 ~vi;(da’ + Fldt)(dz? + Fdt), (21)

where a, 3* and 7i; are the lapse function, the shift vector and the intrinsic metric
of 3-space, respectively. The Einstein equation is decomposed to the four constraint
equations and 12 evolution equations. The Hamiltonian and the momentum con-
straint equations are

R+ K? - K;;KV = 16mp,,, (2-2)
and ‘ '
D; (K]i — 69iK) = 8nJ;, (2-3)
respectively. The evolution equations are
Ovij = —2aK;; + Dif3; + D;3; (2-4)
and

OKij =« [Rz-j — 8m {Sij + %'yz-j (pH — Sll) }] —D;Dj«
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+« <KKZ‘]' — QKZ'lKl]) + KliDjBl + KljDiBl + ﬂlDlKij, (25)

where R;; , R = ”Yinip K;j and K = fyinZ-j are the 3-D Ricci tensor, its trace, the
extrinsic curvature tensor, its trace, respectively and D, is the covariant derivative
associated with v;;. The quantities p,,, J; and S;; are the energy density, the mo-
mentum density and the stress tensor, respectively, measured by the observer moving
along the line normal to the spacelike hypersurface of ¢ = constant.

In order to give initial data, the constraint equations are solved for given p,, and
Ji. Here we assume that K = 0 and +;; is conformally flat at ¢ = 0 as

vig = ¢* Fij, (2-6)
where 7;; is the flat space metric. Defining the conformal transformation as
Kij = ¢°Kyj, K =¢"K/, KY=¢"KY, p,=¢%,. Ji=¢) (27)
we can reduce Eq.(2-3) to o N
D;K’; = 8nJ;, (2-8)

where D; is the covariant derivative associated with 7;;. The traceless extrinsic

curvature can be expressed as the sum of the transverse traceless part I?ET and the
longitudinal traceless part as (LW);j;

Kij = IN(ET + (LW)yj, (2:9)
where 5
(LW);j = D;W; + D;W; — 3 i, D'W. (2-10)

Assuming IN(ET = 0, we have the momentum constraint equations (Eq.(2-8)) as
~ 1~ ~. ~
AW; + gDiD]Wj = 8nJ;, (2’11)

where A = 5251
The Hamiltonian constraint equation (Eq.(2-2)) becomes

Ap = —2r¢ Lo — é¢—7f(ijf<iﬂ'. (2:12)

To solve the evolution of the metric tensor, we define the following variables as

‘ =

¢ = (det(i5)) 2, (2:13)
i =" 5 (2-14)
Ft=51; (2:15)
Kij = ¢4 (K™, (2:16)
K =~7K, (2-17)
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where ' 4
7R3 = 65, (2-18)

and

1
S —
(K> = B (KU +Kji— 3

2
—’}’ij’}’lekl> : (2:19)
The indices of IAQJ- are lowered and raised by 7;; and 7%;

Ky =7*K; ,  K9=3"% K", (2-20)

We treat ¢, v;j, F 0 IAQJ- and K as independent variables in numerical calculations,
although they are not really independent. In this framework, Eq.(2:15) and the
following equations can be treated as additional constraints,

det(3ij) = 1, (2:21)

F* K i = 0. (2-22)

Recently some kinds of the reformulation of the Einstein equations in numerical
relativity have been proposed to obtain numerically stable codes.®) Our formulation
is the simplest one which initiated such researches of reformulations. The motivation
to use the formulation is that we encountered numerical instability in development
of a 3-dimensional, fully relativistic numerical simulation code and suppose that nu-
merical errors in the second derivative of the metric tensor needed to calculate the
Ricci tensor are likely to cause large errors and the instability. Then we decided to
compute Fi as independent variables and calculate the Ricci tensor using Fi (see
Eqgs.(4-20)—(4-24)). Then we found that such modification makes the code dramat-
ically stable. This formulation is now often cited as BSSN formulation,? 1% but it
was first introduced by Nakamura, Oohara and Kojima,'") and is continuously used
in our code development.!)-2)12),13)

From Egs.(2-4) and (2-5), we have the evolution equations for these variables:

06 =2 (ak — D). (2:23)
Gﬁij =-2 [Oéf?ij — ¢_4(Diﬁj)STF] = Avij, (224)
81& = ¢ {Oé [ STF — 8 (S )STF] (DZ‘D]‘CM)STF}
+ « <KKZ] - QKZ'lKlj) (225)
+ Klegﬁ + K lDzﬁl +¢7*6'Dy <¢4f(z‘j) - ;ffileﬁl

and
~ ~.. 1 , .
K =a [Kin”+§K2—|—47r (P +SQ~)} —D'D;a + f'D|K. (2-26)

The quantity Fi obeys . ..
8tFZ — _AZJ’].7 (227)



Numerical Simulation on Coalescing Binary Neutron Stars 5

since ~ =
07" = —7*F' 0 = -7 F A = —AY. (2:28)

We assume that the matter is the perfect fluid, whose stress-energy is given by

T;w = (/0 + pe + p)uuuu + Pauv, (2'29)

where p, € and p are the proper mass density, the specific internal energy and the
pressure, respectively, and u,, is the four-velocity of the fluid. The energy density
Py > the momentum density J; and the stress tensor S;; of the matter measured by
the normal line observer are, respectively, given by

Py = n“n”TW, Jz = —hi‘unyTw,, Sij = hiuhijw,, (230)

where n, is the unit timelike four-vector normal to the spacelike hypersurface and
hyu is the projection tensor into the hypersurface defined by

huw = Guv +nyuny. (2-31)

The relativistic hydrodynamics equations are obtained from the conservation of
baryon number, V,,(put) = 0, and the energy-momentum conservation law, V,T,," =
0. In order to obtain equations similar to the Newtonian hydrodynamics equations,
we define p, and ul¥ by

N_ i
(2

vty (2-32)

py = VAau’p, u

respectively, where v = det(;;). Then the equation for the conservation of baryon
number takes the form

Bipy + 0y (pNVl> —0, (2:33)
where l l
J

il (234

The equation for the momentum conservation is
Orlpyul) + 0 (pyul V') = = Fadip = Alp + p, )00

Vyadk T .
-9, J,0;5". 2-35
+2(p+pH) Yt + /7 10:3 (2-35)

The equation for the internal energy conservation becomes
0upye) + 01 (pueV') = 9B, (Viou®) (2:36)
To complete the hydrodynamics equations, we need an equation of state,

p=p(, p)- (2:37)
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The right-hand side of Eq.(2-36) includes the time derivative. For a polytropic
equation of state, p = (I — 1)pe, however, the equation reduces to

(pyen) + O (pNENVl) = —pNalVl, (2:38)
where
oNI'—1
ey = (Vyau’) e, (2-39)
r
Py = (F - 1)pN€N = (ﬁauo) p. (2'40)

§3. Coordinate conditions

The choice of the shift vector 5° and the lapse function « is important because
the stability of the code largely depends on them and because it is intimately related
to the extraction of physically relevant information, including gravitational radiation,
in numerical relativity. Since the right-hand side of Eq.(2-24), A;; is trace-free, the
determinant of 7;; is preserved in time and the condition

D;AY =0 (31)

produces the minimal distortion shift vector. This is a good choice of the spatial
coordinate, but it is too complicated to be solved numerically. Instead we replace
the covariant derivative in Eq. (3.1) by the partial derivative as

8; Al = 0. (3-2)
In this condition, we can simply set
F' =0, (3:3)

since Eq.(2-27) becomes 8, F = 0 and Fi(t = 0) = 0.
From Eqgs.(2-24), (2-28) and (3-3), Eq.(3-2) is reduced to

~ . . B
0,47 = ~20; (aR") +549,0,8' + S790,008" = 0, (3-4)
which yields an elliptic equation for the shift vector '
1 ~ . 1
V25 + 20,08 = 20; (aR7) = n*0,0,8' - Sh0,05", (3-5)

hij = 72']' — 52']' and hZ] = ?Z] — 52] (3'6)
We call this condition as the pseudo-minimal distortion condition.

As for the slicing condition, we choose the maximal slicing, K = 0. From
Eq.(2-26), we have an elliptic equation for the lapse function a:

D™Dyya = a (fcijf(iﬂ' + 4 (p, + S)) : (3-7)
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§4. Numerical Methods

As for the spatial coordinates in numerical calculations, we use a Cartesian
coordinate system (x,y,z). To obtain initial data, we should solve elliptic partial
differential equations of Egs.(2-11) and (2:12). The coupled elliptic equations (2-11)
can be reduced to four decoupled Poisson equations:

Ax = 679, J;, (41)

~ 1
AWZ = 87TJZ‘ - gaix, (4'2)

where y = 0;W;. These Poisson equations are solved using a pre-conditioned conju-
gate gradient method.!) The boundary conditions for y, W; and ¢ are, respectively,
given by

Pt 3M;;  9M;jxia’ 1
X= o~ + Jmm+0< ) (4:3)

2r3 23 2r5 =

Pk:L’k:L’i 7Pz (7Mij - Mji - Mkkéz]) 3Mjkl‘j$k$i 1
= — e - =), (a4
W, 4r3 4r 4r3 475 +O r3 (4-4)
and i
M dkl‘ 1
= - 4.
o=+ % v0(5). (45)
for large r, where
pi= Gt = [l o, (4:6)
M:/ﬁ&% @:/@ﬁ&x (4-7)

and S is the right-hand side of Eq.(2-12). Since the source term S depends on ¢, we
will find a self-consistent solution of Eq.(2-12) iteratively. The non-linear iteration
will usually converge within 10 rounds.

At each time step, we should also solve the elliptic equation (3-5) for the shift
vector °. The same procedure as for W; is followed for it. Since the source term
depends on (3, a self-consistent solution should be found iteratively. The iteration
will usually converge soon, but it sometimes becomes more than 30 rounds at the
final stage of a simulation.

Hydrodynamics equations (2-33), (2-:35) and (2-38) are solved using van Leer’s
scheme.'” The evolution equations of metric Eqs.(2-23), (2-24), (2-25) and (2-26)
are, respectively written as

06— Foro =2 (ak '), (4)

_ . . . \STF
Oij — B0 = —2 |k — (%lajﬁ ) ; (4:9)
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0Ky — oKy = ¢~ {o [(Rij)S™ — 8n(83;)5™™] — (D:iDja)5™F}
N o~ ~ ~ 2 ~
+a (KR = 2RaRY) + Kad;8' + K08 - “Ry08 (410)

and
K — oK =« [I?ijl?ij—l—él(z—i—élw(pﬁ,—i—sii) —D'D;a. (4-11)
These equations are written as
9:Q +v'9,Q = F, (4-12)
with v¢ = —3%, which is solved using the CIP (Cubic-Interpolated Pseudoparti-

cle/Propagation) method.'® In the CIP method, both Eq.(4-12) and its spatial
derivatives

04(0aQ) + v°90(0.Q) = —(0:0")(9¢Q) + 0. F (4-13)

are solved. This method reduces numerical diffusion during the propagation of @,
since the time evolution of () and its derivatives are traced. Even if the gradient of
Q) becomes very large near the surface of the neutron star, the numerical diffusion is
small so that errors and the instability does not appear.

From the Hamiltonian constraint, the conformal factor ¢ also obeys

Ap — —% (16pr + KK - ¢‘4R) . (4-14)

To obtain ¢, we first make ¢ evolve using Eq.(4-8) and then calculate the right-hand
side of Eq.(4-14) using new ¢ and finally solve Eq.(4-14).

For the evolution of both matter and metric, we use a two-step algorithm to
achieve second-order accuracy. That is, to solve the evolution equation such as

0,Q = F, (4-15)
first evolve half a time step %At,
1 1
Qt+ §At) =Q(t) + §At - F(t). (4-16)

Then F' is calculated from quantities at ¢t + %At and finally Q(t 4+ At) is calculated
from Q(t) and F(t + 1 At) as
1
Qt+ At) =Q(t) + At - F(t + §At). (4-17)

We must take special care to calculate the Ricci tensor appearing on the right-
hand side of Eq.(4-10). With the conformal transformation of Eq. (2-14), the Ricci
tensor R;; associated with ~;; is given by

Ry = Rij + R?jv (4-18)
where

R} = —2¢7" (EjEiCb + :Yz'jjﬁb) +2¢77 [3(ﬁi¢)(ﬁj¢) - %j(ﬁk@b)(ﬁk(ﬁ)] (4-19)
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and P;Z-j is the Ricci tensor associated with 7;;. The tensor ]A?:ij is given by

Ri; = % hkl(%,jk + Vg — Vigkt) + 7 4 Gkig + Tegi — Vi) | — T Tj,  (4:20)
where I’ ;k is the Christoffel symbol associated with 7;;. The second derivatives of 7;;
are replaced by finite differences in numerical calculation but the numerical precision
of terms such as 7;; 11 with k#[ is not so good, while the degree of precision of 7;; 1
with k = [ is the same as that of the first derivatives. Inaccuracies in 7;; 5; will cause
a numerical instability. Since

V¥ Fise = =iV = A F = —Fy (4-21)
and _
Y5 gk = Fij — 3 Fik (4-22)
then
_ 1/~ - o o
R;; = 3 (Fzg + Fj; — 'Vkl,j%‘l,k - Wkl,z"m,k - Vkl%‘j,kl)
1=k~ ~ ~ =~k 7
+§{F'WMJ+7MJ_VMH}_IﬁQk (4-23)

On the pseudo-minimal distortion condition, where Fi= E = 0, we have

~ 1 . . _ _ e ~ o~
Rij = —3 (’Ykl,j%‘l,k — " Ak — Vkl%‘j,kl) — ITh. (4-24)

Although the second derivative appears in the term :y’kl%jvkl, it can be written as
ATk = (" + BEYRG k= gk + B R, (4-25)

and thus inaccuracies in numerical value of ¥;;; will not be so serious, if both hy;
and h;; 1 are small.

Boundary conditions for IAQJ- and 7v;; are important, because the boundary is
not so far from the stars and therefore inappropriate boundary conditions cause
reflections of the outgoing waves. We apply outgoing conditions for K;; and 7;;, in
our coordinate conditions. The condition can be written as

. H(at — ¢?
Q(t7xl) = M’ (426)
r
where r = \/22 + y2 + 22. Here H satisfies an advection equation
OH + doH = 0. (4-27)
where !
1 axr
= —. 4.28
oo (1:25)
This implies
a
(Q +doQ = —@Q- (4-29)

Eq.(4-29) is solved along with Eqgs.(4-9) and (4-10) using the CIP method.
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§5. Gauge-Invariant Wave Form Extraction

In the gauge conditions described in §3, non-wave parts of the perturbations
decrease as O(r~!) for large r and therefore h;; defined by Eq.(3-6) cannot be simply
considered as the gravitational waves;! it includes gauge dependent modes. So that,
it is necessary to perform a gauge-invariant wave form extraction. Here we apply
a gauge-invariant wave form extraction technique suggested by Abrahams et.al.,%
which is based on Moncrief’s formalism.?)

Outside of the star, we can consider the total spacetime metric g,, which is
generated numerically as a sum of a Schwarzschild spacetime and non-spherical per-
turbation parts:

v = g;(tf) + h;(fu) + h;(fu)v (5'1)
where g,(ﬁ) is a spherically symmetric metric given by
-N?2 0 0 0
2
(B) _ 0 A 0 0 '
g,uy 0 0 R2 0 (5 2)

0 0 0 R2sin%6

and h,(fl,) and h,(f,),) are even-parity and odd-parity metric perturbations, respectively.
They are given by

N?Hotm Vi HuimYim h) Yimg e Vi,
sym A Hop Vi, 1) Yims 1$§) Yims
h(eu) — 82 (53)
: %n: sym sym 7"2 |:Klm + Glmw] }/lm TQGllem
sym sym sym hle)
and
) Yim,¢ (o) .
0 0 _hOlmm hoszlmG Sin 0
» 0 0 —hg?anlm7¢ sin 6 hgcl?nYlmﬂ sin 6
hwj - Z Sym sym lh(o) Xim —lh(o) Wi sin 0 ’ 54
S 22 Gin g g'2im " im
1 .
sym sym sym — §hglzn X sin 6
where
e 0?
hég) = r2sin? 0 |:Kleim + Gim <wnm - Wlm>:| , (5-5)

N2, A% B2, Hyp, b 1) Ky Gromy B9 049 and 12 are the functions of ¢

0lm> l.lm7 Um> m
and r and Y}, is the spherical harmonics. The functions X;,, and Wj,, are given by

Xim =2 o — cot Oi Y, (5-6)
lm — 8(]580 a¢ lm>
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and

8? o 1 &
= (=5 — cot =2 — ————) Vi, :
W <ae2 750 sin298¢2> : (57)

respectively. The symbol ‘sym’ in Eqgs.(5-3) and (5-4) indicates the symmetric com-
ponents. From the linearized theory about perturbations of the Schwarzschild space-
time, the gauge invariant quantities ¥ () and ¥(¢) are given by

o 1 o 2 o h(o)
v (t,r) = V2A(A = 2N <hgl3n + o= (—le» (5-8)

20r\ r2
and
e 2(A—-2) 4r N2 ko + Arky
Lp( ) t - _ m m .
om (67) A (A+1—3N?) (5-9)
for the odd and even parity modes, respectively, where
A=1(1+1), (5-10)
N?
kiim = Ky + N27"Glm,r — 27h§l7)n (5-11)
and

i _%_L§<L )
2lm — 2N2 /—N2 87" N2 Im

The quantities ¥(©) and ¥(®) satisfy the Regge-Wheeler and the Zerilli equations,
respectively,

(5-12)

0? 0?
[@ o2
where V() and V(©) are the Regge-Wheeler and the Zerilli potentials.'®) The symbol

74 is the tortoise coordinate defined by r, = r+2M In(r/2M —1). Two independent
polarizations of gravitational waves h, and hy are given by

+ V(I)} v =0, (I=e o), (5-13)

: 1 (e) (0)

hy —ihy = — O (t,r)+ W, (t, 1)) —2Yim, 514

i = S ) + B )2, (514)
where ) )
1

Yy =—— Wi, — —Xim | . 5-15

in = s (Won = g X (515)

In numerical calculations, the functions N2(¢,r), A%(¢,7) and R?(t,r) of the back-
ground metric are calculated by performing the following integration over a two-
sphere of radius 7r:

1
2 P — .
N (t,r) = 47r/gtt ds?, (5 16)
1
2 _ .
A%(t,r) = g /grr ds?2, (5-17)

1 g
R2(t,r) = % / (gea + sirffé) ds?2, (5-18)
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where df2 = sin dfd¢. The components of the even parity metric perturbations are

1 *
H2lm(tar) = ﬁ /grr}/lm ds?, (519)
1 1 9o6 \ e o 2966 Xp,

= — m | 40 9

Gim(t,r) A(A —2) R? / [(gga sin? 9) Win + sin 6 sin 4z, (5-20)
_ 1 1 966 \ v
Klm(t7r) - QAGlm + 2R2 / (996 + sin2 0) }/lm) df? (5 21)
and
e 1 * gT }/;:)’l,

hgh)n(tﬂ’) = Z/ <9r9Ylm,9 + sin¢6 —sing> ds?2, (5-22)

where * denotes the complex conjugate. The components of odd parity metric per-
turbations are

Y*
(0) _ 1 Img  9ré <« ‘
i (8,7) = A / <9r9 sin 6 SinOYlm’e> e (5-23)
and
(0) 1 966 \ Xim _ 2960 v | 40
= - — 1% . 24
Dot (t;7) A=2) / [(gee i 9) S0 sind lm:| d (5-24)

The metric tensor g,., ggg etc. on the spherical coordinate system appearing
in Eqgs.(5-17)—(5-24) are calculated from g¢,z, g,y etc. on the Cartesian coordinate
system, such as

Grr = sin’ (guz cos’¢ + 20y Sing cos ¢ + gyy sin2gb)
4+ cos20 + 2sind cos O (Gy>sing + gz cos ). (5-25)

We need angular integrals over spheres for constant r, such as
Foo) = [ fled2= [ fon6,0)a (526)
r=ro

while we have the physical quantities only at Cartesian grid points. We need in-
terpolation to obtain the values of f(rg,0,¢) from f(x,y,z) at the grid points. It
is, however, not easy to fully parallelize the procedure on a parallel computer with
distributed memory. We therefore rewrite Eq.(5-26) as a volume integral, namely,

1
_ . 3. _ 1
Pl) = [ S o=y s = iy 2

/F(w,y, z)e_(’“_’”o)z/“2 d?z, (5-27)
where r = /22 + y2 + 22. Numerical integral with a = Ax/2 gives a good value to
Eq.(5-27), where Az is the separation between grid points. It is favorable both in
the accuracy and the speed for parallel computers.
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Fig. 1. Density p, on the -y plane. Time ¢ in units of milliseconds and the maximum of density
py at each time are shown. Contour lines are drawn a X 10°g/cm?®, where a = 1,2,---9 and b
= 14, 15, 16. The unit of the length is 1 M.

§6. Numerical results

We performed numerical simulations for coalescing binary neutron stars and
evaluated the gravitational waves. We used 475 x 475 x 238 Cartesian grid assuming
the symmetry with respect to the equatorial plane, which require memory of about
80GBytes. The separation between grid points is Ax = Ay = Az = 1M, i.e., equal
spacing. Here we use the units of G = ¢ = 1. As the initial condition, we put two
spherical stars of rest mass 1.5M, and radius 7.7M; = 11.6km. The separation
between the center of each mass is 30.2Ms = 46.2km. As for an equation of state,
we use the v = 2 polytropic equation of state. The initial rotational velocity is given
so that the circulation of the system vanishes approximately as

Vo) =@ x7— 0 x(F—7,), (a=1,2) (6:1)

where (2 is the orbital angular velocity and 7, is the location of the center of each

star. Now we set {2 = 0.010/My, then the angular momentum .Jy becomes 6.7M%.

The total ADM mass Mapwm of the system is 2.76 Mg and ¢ = JO/M,EDM = 0.89.
Figures 1 shows the evolution of the density p, on the z-y plane. The stars
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Fig. 2. Plots rh4 x along z-axis at r = 110 ~ Fig. 3. Plots r3hy « as a function of ¢.

140M¢ as a function of ¢ — r.

start to coalesce at approximately ¢ = 0.5msec and an almost axisymmetric star is
formed by ¢ = 1.8msec.

Figure 2 shows the gravitational wave forms rh and rhy on the z-axis evaluated
at r = 110,120, 130 and 140M, as functions of the retarded time ¢ — r. The lines
of rhy(t —r) and rhy (t — r) estimated at r = 110 ~ 140Mg, for t — r > 0 coincide
with each other but they don’t for ¢ — r < 0. Figure 3 shows r3h as a function of .
It reveals that A includes a non-wave mode proportional to 3, which corresponds
to the quadrupole part in the Newtonian potential of the background metric. It
decreases fast as the merger of stars proceeds.

Therefore we eliminate the non-wave mode from h and hy using Fourier trans-
formation as follows:

e Assuming that total waves are expressed as a sum of wave parts F'(t —r)/r and
non-wave parts G(t)/r3,

Fit—r) G(t)

h(t = . 6-2
(tr) = —— 4 2] (62)
e Fourier components of h(t,r) are written as
e—iwr 1
hy(r) = " F,(r)+ ﬁGw(r). (6-3)
where 1
F,=— [ Flt)e “dt 4
5 | Fitre (64)
and 1
- = —iwt .
Gu= o / Glt)e ! dt. (6-5)
e From the values of h,(r) in different radial coordinates r; and 79, F, can be
given by

3 !
R r5h,(T2) rlhw(rl). (6:6)

2,—iwre _ p2p—iwry
7'26 7’16
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tion of t—r. The curves are averages of rh x (solid lines)and h., X.deﬁned by Eqs.(6-9)
estimated at » = 110 ~ 200Ms and error and (6-10) (dashed lines).

bars denote 20.

e Fourier components izw (r) of gravitational waves are given by

—iwr,
- e k

hy(rg) =

F,, k=1, 2 (6-7)
Tk
e By inverse Fourier transformation of ﬁw(r), we can get the gravitational waves,
which do not include non-wave modes,

hy(t,r) —ihy (t,7) = / B (r)et dw. (6-8)

The resultant wave form is shown in Fig.4. The curves represent the average of h
and hy calculated at r = 110,120, - - - 200M and twice the dispersion 20 is shown
as error bars.

Figure 5 compares hy and hy given by Eq.(6-8) with the metric perturbation
EJ,_ and ﬁx defined by

ﬁ+ = (h:c:c - hyy) ) (6'9)

N

and R
hy = hgy, (6-10)

respectively, where h;; is defined by Eq.(3:6). Although iALJr and EX include gauge
dependent mode, they almost coincide with the gauge independent wave hy and hy.
It shows that the gauge mode in h, and hy is small, while it may be only accidental.
However, we note that the pseudo-minimal distortion condition Eq.(3-2) guarantee
> j Ojh;; = 0, and thus };J,. and EX are transverse-traceless. Then we can argue “the
energy density of the gravitational waves” as

1 - 1 ~ ~

pew = ?)Z—W%ﬁij = 35, i dij- (6-11)
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Fig. 6. The propagation of the gravitational waves. “The energy densities of gravitational waves”
r2pGW on the z-y plane are shown as gray scale figures. Time in units of milliseconds is shown.

The propagation of r?paw is shown in Fig.6. A spiral pattern appears, which can
be explained naively by the quadrupole wave pattern given by

2 ~

2
r’paw = ?);—W (Aij) o cos 20 4 sin? 6 sin? (202(t — r) — 2¢) /4. (6-12)
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Fig. 7. The luminosity dEqyy/dt (in units of Mgc?/sec) and total energy AEqywy (in units of
1073M@c2) emitted as gravitational waves up to t. The solid and dashed lines plot the values
calculated using Eq.(6-13) and Eq(6-15), respectively. They are evaluated at r = 200M¢.

On the z-y plane, where § = 7/2, pgw is constant along the spiral of r + ¢/ =
constant.

The gauge invariant luminosity dEqw/dt and the total energy AEgw of the
gravitational waves can be calculated as

dEcw _ 1 ©) 2 (0) 2 ,
i3 (\Mlm ()| + o) e, )| (613)
and
AEqw = / dEaw t, (6-14)

respectively. The luminosity and the total energy can be also estimated from Eq.(6-11)
as

dE
CW — / r2paw A2 (6-15)
dt .
and
AEgw = / dEGW (6-16)

which is not gauge invariant. The luminosity and the total energy emitted as gravi-
tational waves up to ¢ calculated at r = 2000, using Eqs.(6-13) and (6-14) as well
as Eqs.(6-15) and (6-16) are plotted as functions of ¢ — r in Fig.7, which shows that
Eq.(6-11) gives a good estimate of the energy density of the gravitational waves as
expected from Fig.5.
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Fig. 8. Lapse function « (solid lines) and density p, (dashed lines) along z-axis at t=0(left) and
1.72msec(right).

§7. Conclusion

We showed a stable code using the pseudo-minimal distortion condition and the
maximal slicing condition for a coalescing neutron star binary.

We were able to extract the wave form of the gravitational radiation using the
gauge-invariant extraction techniques. The amplitude of the gravitational waves is

hel1x1072 (- ). 1
x 10 <10Mpc> (1)

As shown in Fig.7, the total energy emitted is
AFEgw(t < 3msec) = 2 X 10_3M@c2 ~ 3 x 10°%erg ~ 0.1% of My 2. (7-2)

The angular momentum lost by the gravitational waves are given by
~ 32 / Z (e 0v ) (7:3)

which is 7 x 1072 (GM2 /c) ~ 1% of the initial angular momentum of the system.

We have not searched an apparent horizon to see if a black hole is formed, Instead
we plot o and p, along the z-axis at t=0 and 1.72msec in Fig.8. The gradient of a
near the surface of the merged star becomes large and the value gets less than 0.3.
This suggests the formation of a black hole.

If the black hole is formed after the merger of two neutron stars, quasi-normal
modes of the black hole are excited. To investigate a possibility that the excitation
of the quasi-normal modes can be seen by the numerically calculated waves, we
evaluated the energy spectrum of the gravitational waves, which is given by

o L (o i)

+ (m%(ii) O wl(rcr?
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where WZ%L(T) is the Fourier transfor-

mation of Lpl(fl)(t,r), and is shown in
Fig. 9. The frequencies of the quasi-
normal modes depend on the angular
momentum of the black hole, but the
fundamental frequency of [ = 2 for a € 0f
Schwarzschild black hole of mass 2.8 M,

is w = 25 msec™!. A peak near this
frequency appears in Fig. 9. Unfortu- i
nately, however, rotating angular fre-
quency just when the merger of the stars
finishes is 12 ~ 15 msec™!' and thus

100

they will radiate the waves of frequency TS 0 15 w25 30 3 40 45
near w = 25 msec . So it is not clear wimsee)

whether this peak corresponds to the Fig. 9. The energy spectrum of the gravita-
emission of the quasi-normal mode of tional waves. The curves are averages of
the formed black hole. dE /dw estimated at r = 110 ~ 200Mg and

Our results must be compared with error bars denote 2.

the model H-1 of Shibata and Uryu.”

The wave form and the luminosity of the gravitational waves are qualitatively con-
sistent, while our values of the radiated energy and angular momentum are smaller
than theirs. It caused by the difference of the initial data; two stars merge more
quickly in our calculation since they are not in quasi-equilibrium at the initial time.
Nevertheless, the ratio of (AEqw/Mapwm) to (AJ/Jy) agrees with their discussion.

Finally, we must mention the accuracy of our code. Essential parts of code
tests are summarized in Oohara and Nakamura.!) We need not solve Eq.(2-26) for
K since we use the maximal slicing, where K = 0, but it is solved to monitor the
numerical precision. The value of K is kept as small as 0.1% of a typical value of
K;; but it becomes large from the numerical boundary region in the final stage of
simulation. It is due to a small reflection of gravitational waves at the numerical
boundary. Since we use the pseudo-minimal distortion condition, F* = 7% ,j must be
zero. It is satisfied within a few % of the derivative of 5%, while the error grows in
the same way as K in final stage of simulation. The total ADM mass is conserved
within 10% error up to ¢ < 1.7msec. When two stars merge and a single compact
object is formed, the conservation get worse, since our grid is too coarse to represent
such a compact object. Since it is likely to be a black hole by that time, however,
the global characteristics of gravitational radiation should be hardly affected.

We found that the gravitational waves are in small part reflected at the numerical
boundary and reflected waves grow up gradually after ¢ ~ 2.5msec. It is because
the boundary is still too close. In reality, if the distance of the numerical boundary
is halved, the growth of the reflected waves near the boundary will be visible by
t = 1.4msec in the distribution of the energy density of the gravitational waves p GW’
while it is not yet visible in Fig.6. This problem must be overcome if the numerical
boundary is located farther. In addition, a finer grid is required to investigate the
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formation of a black hole. To perform simulations with a finer and larger-sized
grid, we must improve schemes for solving elliptic partial differential equations and
evolution equations. The most CPU hours are consumed for solving elliptic equations
for 3° (Eqgs.(4-3) and (4-4)), a (Eq.(3:7)) and ¢ (Eq.(4-14)), and thus the reduction of
CPU hours required to solve these equations is effective. The present code requires
memory of 80GBytes and 100 CPU hours with a 475 x 475 x 238 grid. The size is not
restricted by the memory but by CPU hours. Therefore, larger-scale simulations can
be performed according to the speedup of the code. We are still improving the code,
including implementation of new schemes and an apparent horizon finder as well
as reformulation of the Einstein equations, some results of which will be presented
soon.
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